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In several recent papers we showed that choosing new sets of
postulates, including classical (pre-Einstein) physics laws,
within the main body of Eingein’s specia relativity theory
(SRT) and applying the relativity principle, enables us to
cancel the Lorentz transformation from the main body of SRT.

In the present paper, and by following the same approach, we
derive Einstein’s equation E=mc® from classica physical

laws such as the Lorentz force law and Newton’s second law.

Einstein’s equation is obtained without the usual approaches
of thought experiment, conservation laws, considering
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collisions and also without the usual postulates of special
relativity.

In this paper we also identify a fundamental conceptual flaw
that has persisted for the past 100 years. The flaw is
interpreting the formula E = mc® as the equivalence between
inertial mass and any type of energy and in al contexts. It is
shown in several recent papers that thisisincorrect, that thisis
a misinterpretation. What Eingtein considered to be a central
consequence of special relativity isin fact derivable from (pre-
Einstein) classicad considerations. E=mc®  becomes
secondary, not fundamental, and whilst no doubt useful in
certain circumstances, need not be valid in all generdlity.

Keywords: classical force laws, special relativity theory, the
Einstein’s equation, E = mc”.

Introduction

The SRT [1] has removed the barrier between matter and energy, but
it has created a new barrier that cannot be transcended. This barrier
separates what is known as non-relativigtic from relativistic physics.
The physical laws for non-relativistic physics cannot transcend this
barrier and hence they form classical physics. The physical laws
adequate for relativigic physics can, however, cover the non-
relativigic physics domain through the known approximation of the
Lorentz transformation (LT): The LT becoming a Galilean
transformation where appropriate.

In classical physics, we know that a particle m, moving with

velocity v hasamomentum p = myv and akinetic energy

1
T=="mV?,
2”1)
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however, in relativigic physics the momentum and relativistic mass
of aparticleare

p=—2" =mv, &
m= movz =ymy, ¥
e
whereas itskinetic energy is
T =mc® -mc?, 3

where as we see Im, represents the rest mass. This m, accounts for

the inertia of the particle at the moment when its acceleration starts
from a sate of rest. Relativisgs also introduce the concept of rest

energy E, = mc?, and of relativistic energy
E=T+E,=mc. (4)

In his paper, Eingein [2] derived equation (4) through a thought
experiment. Many further papers have been devoted to the derivation
of equation (4) using the popular approaches of conservation laws,
consderation of collisions and the postulates of SRT [3-8]. In a
previous paper [9] we suggest another way to account for the
kinematical effects in relativigic electrodynamics. This method does
not usethe LT for a charged particle: Instead it involves inserting the
Lorentz force within the main body of SRT and gpplying the principle
of relativity (that the laws of physics have the same formulation
relative to any inertia system) rather than the principle of specia
relativity (that the laws of physics are invariant under the LT). We
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have also presented in another paper [10] our claim that not only
relativigic electromagnetism, but also relativisic mechanics can
easlly be derived using this approach.

As in the previous papers [9,10] we present a derivation of
equation (4) sarting from classical laws, without calling upon the
usual approaches. Further, we clarify that the derivation of E = mc?
can be studied without using the LT or its kinematical effects, i.e. the

relation E =mc” does not need SRT, contrary to Eingtein’s assertion
[11].

Derivation of Einstein’s equation E = mc? from
the Lorentz force

Eingein was the firg to derive mass-energy equivalence from the
principles of SRT in his article titled "Does the Inertia of a Body
Depend Upon Its Energy Content?' [2]. Since this derivation was
published, it has been the subject of continuing controversy. For
ingtance, the relativigic mass, Eq. (2), is applied in the case of an
inertia frame co-moving with the particle, so it is a consequence of
the time dilation effect between the two frames i.e. a co-moving
reference frame for a particle moving with a uniform velocity where
the reference frame is supposed to be at rest a every moment during
the motion of the particle.

Therefore, the relativistic mass in this case is a purely kinematical
effect. Hence, according to Eingtein the relativistic mass is not a
physical effect but rather the result of the effect of relative motion on
observation. Eingtein then derives his equation mathematically and
under special conditions, which requires the above speculation.
Therefore Egs. (2) and (4) can appear mysterious and are put in doubt
[12,13]. We will show in this paper a purely dynamical derivation of
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E = mc®and the mass increase relation, based solely on the Lorentz
force law and Newton's second law (NSL).

Let us consder two inertial sysems S and S with a relative
velocity u // ox between them.

Eingein in his SRT assumes the equivalence of al inertial
reference frames, but makes use of different assumptions, including:
time dilation- length contraction and the relativity of smultaneity.
Thee effects ae expressed mathematicaly by the Lorentz
transformation. Our paper makes a digtinction between the Lorentz
transformation and inertial frames, even though within the context of
gpecial relativity they are the same thing. Our definition of inertial
reference frame, on the other hand, is in fact the usual one (before
Eingtein): those reference frames in which Newton's first and second
laws of motion are valid.

Our approach in this paper is to consder a single particle that
moves along a given direction with common ox(ox) axes. As
demondrated in [9], contrary to what is often claimed in SRT, the
relativisgtic expressions can then be derived starting from the relativity
principle and the classical Lorentz's law, i.e.

F=q(E+vxB). ©)]

Now assuming that a charged particle g moving with velocity v

in the frameS, subject to an electric field E and a magnetic flux
dengity B, then the Cartesian components of (5) inframe S are

Fx = q(Ex + Vy Bz _Vsz ) (68)
F,=d(E, +v,B,—Vv,B,) (6b)
Fz = q(Ez +VxBy _VyBx ) (6C)

Applying the relativity principle to Egs. (6), we have
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Fo=a(E +Vv,B,-V,B)) (7a)
F,=q(E, +V,B,-V,B}) (7b)
F,=q(E, +v;B; —V;B;) (70

So following a similar approach to that used in [9], we can obtain
therelativigtic transformation equation for velocity:

vV, —u V,
=@ V= (B), V= ——2—<(O) (®
X l"IVX
vE R e
where the scalar factor » was fixed by applying the relativity
principle to Egs. (8):

2 u?
y (1—?):1 or y=———
1-2

CZ

The conventional way to derive the relativigtic transformation
equations of the components of the relativisic velocity are obtained
from SRT. However, we have dready explained that there is an
aternative path that does not use the Lorentz transformetion in the
derivation of the 3-vector rdativigic velocity transformations
appertaining to a charged particle. With Egs. (8) this enables us to
congtruct the following relativigtic identities:

)
C
z 2 2 @,
Vv u V
\/1_ ¢’ \/ _cz\/ 2
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: J— =4
A

In spite of the objections by L.B. Okun [14] who dtates that the
proper definition of relativigic momentum is p=ymyv, the

traditional definition of momentum, i.e. p = mv, combined with Egs.

(8) gives all the relativigtic expressions and relativigtic transformation
relations concerning momentum, energy and the relativistic mass as
follows. When viewed from Sthe charged particle gthat we have

mentioned above has momentum p = mv whose components are:
p.=mv, (&, p,=mv, (b),p,=mv, (c) (11)

(10)

Viewed from S’ the momentumis p’=mv’ having the components.
p=mv, (8, p,=mv, (), p,=mv, (0 (12

in accordance with the relativity principle. Combining (8d), (118 and
(128) we obtain:

!’

Px _

m

p,—um

which means that

=k(p,~um) (),  m=mk(l-— X) (b) (13)
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where Kk represents an unknown constant and this scalar factor k can
be fixed by applying the relativity principle to Egs. (8a), (11a) and
(129) to get:

P, P +um

m

uv
m'(1+ CZX)

Then

p, =k(p, +um) () m=m'k(1+‘ivj) b (4

Multiplying (13b) and (14b) side by side we deduce:

1=k*(1- X)(1+ X)
and employing (8a) inthe last equatlon, leadsto

L © (14
L

CZ

The congtant k in EQ.(14c) isequal to the scalar factor  in EQ.(9).

For smplicity, take the special case that the charged particle is at
res inframe S, thus

2 u®
k(l—§)=1 or k=y=

v, =0, v,=-u
These reaults, when substituted into (13b) leadsto
m' = ym, (158)
Observers of frame S measure the rest mass m,, observers from

S’ measurethemass m' given by (15a). We can now assume that the
charged particleisat ret inframe S' , so
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v,=0, v,=u
These reaults, when substituted into (14b) lead to
m=ym, (15b)
Observers of frame S' measure its rest mass m,, observers from

S measuring mass mgiven by (15b). We obtain the transformation
equation for the oy(o'y’) component of the momentum if we

combine (11b) and (12b) with (8b). Thuswe deduce:

p, =mv, =mv, = p, (130)
Inasimilar way, we get

p,=mv,=mv, = p, (13d)

Now, using (9) in (13ab) and (15), leads to the transformation
equations

, uv, ,
m = 7m(1_?) v Px= 7( P~ Um) (168,b)
P,=p,, P,=p, (16c,d)
and the expression for the relativistic mass in both frames:
m= M , M (17ab)
V2 Vr2
1—? 1- 2

If we gtart with the relativigic identities (10) multiplying both sides
with m,, the result is equations (16) and (17) (see[9]).

To obtain the same reativigic combination between the
momentum and energy of the same charged particle g, we start from
(24c), and write this equation as:
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2

y-zr =L
Multiplying both its sideswith n¢c* it becomes:
c’y*mg —c?y*mpu’ = myc’ (18)
We recognize that the term
p?=y’mpu®=mv*,  u=v

represents the square of the momentum in S. Moreover, the root of
the first term presented is

2 V2 - 2
= ——) 2 =
E=mc"(1-3) 7 =ymge 19)
= n'[:z
Eq.(19) is the relativigtic energy E, telling us that the change of
the mass of a particle is accompanied by a change in its energy and
viceversa[15].

With the new notation, (18) becomes.

E? =c?p? + nfc’ (20)

Eq. (20) represents the combination of the momentum and the energy

of the same particle. Multiplying both sides of (16ab) with ¢ we
obtain the transformation equation for energy and momentum:

' ' u
E =?/(E_upx)i px:y(px_?Ej (21)

The conventional way to derive the relativigtic transformation
equations of energy-momentum isto consider a collision between two
particles from two inertial reference frames and imposing energy-
momentum conservation. However, the purpose of our paper is to
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show that the relativigtic dynamics, and especially Eingtein’s equation
E = mc?, could be approached without the popular approaches.

The kinetic energy T should equate the difference between
relativistic energy E and rest energy E,, i.e.

T =mc? —m,c’
1

=M (——=-1) (22)
V

-
C

Derivation of Einstein’s equation E = mc? from
Newton’s second law (NSL).

With the discovery of the SRT, energy was found to be one
component of an energy-momentum 4-vector. Each of the four
components (one of energy and three of momentum) of this vector is
separately conserved in any given inertial reference frame. The vector
length is also conserved and isthe rest mass. The relativistic energy of
a single massive particle contains a term related to its rest mass in
addition to its kinetic energy of motion. In the limit of zero kinetic
energy or equivalently in the rest frame of the massive particle the
energy is related to its rest mass via the famous equation E = mc?.
However, many textbooks on SRT often devote great effort to
discussing the process of elagtic collison between two particles to
derive E = mc” and the relativigtic mass m=ym,. Our god on the

other hand is to establish Eingtein’s formula E = mc? based solely on
the NSL without using the LT or the ideas of Eingtein.

Aswe demongrated in [16,17], the Lorentz force and the relativity
principle, are more natural for describing the physics of relaivigtic
electrodynamics.
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F=q(E+vxB) (a, %=FV(b) (23)

Moreover, we can now go further to get al of SRT's relations from
classical mechanics:

dp dE
F=—@,—=Fv(b 24
p @ o (b) (24)
Let us consider two inertial sysems S and S with a relative
velocity u // ox between them and consider from Sa particle which

has the momentum p =mv. The Cartesian components of (24) in
frame S ae

dp dp dp
X — F a , — = F b y Z = F C 25

de

m =Fv,+FVv,+Fyv, (d
Applying the relativity principleto (25), we have:
ap,
dt’

“Em), Pre) (9

dp!
X=F/(a),
«(a) dt’

dt’

dE’ N, N4 n,
o =RV, +FVv, +Fyv, (d)
By following the same approach to that used in [21] we can obtain
the relativigic transformation equation for momentum, energy and

velocity:
/ u ’ /
P.=7| P,——=E @, p,=p, (b), p,=p, (0),
C
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=y(E-up,)(d) (27)
vV, —u _ Vy r_ v,
v, = LW, @, v, ——(1_ Uij (b), v, = —( UVXJ (), (29)
2 v o v o2
We may write Egs. (28) as.

== A

and we can put (28b) into (27b) to get
m = ym( (30)

Multiplying (29) with my,, and comparing it with (30), we deduce:

m=—" (@, m=——— () (3D
v Vv
-2 J1- @
From (25d) the total energy isgiven by:
dE = Fvdt =d(mv)v
(32)
= v2dm+ mvdv
and from (31a) we have:
2
dm:mv—dv e mvdv=c (1—\/—2} dm (33)
c

V2
c? (1— o
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Subgtituting (33) in (32), we get:
dE = c*dm
and by integration, from v, to v,, we deduce thet:

E —mc?? (39

In the particular case when v, =0and v, =v then E should equal
thekineticenergy T, i.e.

T =mc®|; =me’ —myc’

So the quantities mc® and mic® are the total energy Eand E'in
framesS and S', respectively. It is simple to prove, that Egs. (27)
and (31) lead to

E” —c*(p’+ p)" + p") = E* —C*(p} + py + p;) = mpc’
or
EZ — CZPZ + mozc4 EIZ — CZPIZ + mozc4
_ mzc4 ! _ m'ZC4

We show that Eingtein’s formula E = mc® can be reached without
using conservation laws and avoiding consideration of collisions or
Eingein’s thought experiment. The derivations are based on the NSL
and the principle of relativity and on its direct consequence, the
addition law of relativigic velocities. Eingein's original derivation
could have been made clearer using methods shown here. Eingein’s
E = mc? is derived here using different postulates to those of Einstein
and in two different ways. As a result Eingtein’s equation is shown
not to be a core result of Eingein’s specia relativity but somewhat
secondary to the wider context of classical physics. Its fundamental
nature is therefore challenged.
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The Generalized Mass-Energy Equation
E = Amc®

Eingtein's 1905 derivation of E =mc®has been criticized for being
circular and for the fact that Eingtein’s original derivation is not at al
clear [18]. It is often said that (inertid) energy E and the so-called
relativisic mass m are the same thing, presumably due to the relation
E=mc%. However, this argument is demonstrably wrong. Such
erroneous conclusons may have come about due to the lack of
application of special relativity to particles. When an object is a
particle then the relation E = mc”does not hold: it was demonstrated
in Refs. [19,20,21] that Eingtein's relation E =mc’led to serious
errors and inexplicable results. As was pointed out in Refs. [17,21] to
remove the contradictions with Eingtein's relation E=mc*, we
considered that Egs. (19) and (34) could be written as:

2
E =mc® = mv’ + mc?, /1—% (35)

Specifically, it was shown in paper [17,21] that the new total energy,
E, =mv/, (36)

is an intrinsic energy of a particle. Perhaps this will allow us to

reconstruct compatibility between the framework of De Broglie wave

theory and SRT without the usual contradictions.
Combining Eq.(36) and Egs.(19) and (34) gives,

c

which can be used successfully for a moving particle. We see now
that A=1 for awave travelling with the speed v=c, and in this case

E, = (YJ me? = Amc?, (37)
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Egs. (35), (36) and (37) are identical to Egs. (19) and (34); otherwise,
the value of A can be equal, less than, or more than unity, depending
on the situation.

For this reason some authors argue that Egs. (19) and (34) are
incorrect [18,19]. A. Sharma [18] has considered the total energy as
AE,, = AAmc®rather than E=mc?. So that in Egs. (36) and (37)
Abecomes a conversion coefficient that can be determined by
experiment, and the value of A can be less, more, or equal to unity. E.
Bakhoum [19], on the other hand, has taken the approach of defining
the totad energy according to Eq. (36). A. Sharma has provided
experimental evidence that the value of the conversion factor between

mass m and energy E isnot always c*.

The integration of gpecial relativity theory with quantum
mechanics has yielded many paradoxes that remained unsolved until
recent years, like the zitterbewegung problem as well as the fact that
the spin prediction of the Dirac equation could only be identified with
non-relativistic approximations (Pauli and Foldy-Wouthysen). The
most prominent attempt to eiminate such problems was by E. G.
Bakhoum and requires a modification in the mass-energy equivalence
principle. Bakhoum introduced a new total relativistic energy formula
E = mc? instead of Eingtein's E = mc®. This paper carries Bakhoum's
work a step further as we have derived Eingein’s equation E = mc?
without using special relativity theory, ingead starting from the
classical physics laws like the Lorentz force law and Newton's
second law. Further, the energy formula of a particle E = mc? alows
reconciliation between the de Broglie wave theory and the framework
of therelativigtic physics without the usual contradictions[17-21].

Einstein has derived the relation E = mc? under special conditions,
i.e.; he derived the equation only for when a body moves with
uniform velocity in the relativistic domain. This is the main reason
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that authors have derived the relation E = mc? by new methods. Now
concurrently with deriving the mass-energy equation by new
methods, existing experimental data [18] has been analysed and
shows that mass does not in fact have equivalence to energy for a
moving particle, i.e.; the value of the conversion factor between

massm and energy E is not dwaysc’.
Therefore Egs. (19) and (34) are special cases of Eq.(37).

Conclusion

No one appearsto have ever asked the question “what is needed in the
most general sense to derive Eingtein’ s formula E = mc??

Approaching this question ourselves, we started from the classical
laws to rebuild the theory of special relativity (SRT) [9,10]. This
enables us to derive Einstein's formula E = m¢® from the classical
laws without any of the well-known approaches and to show that
Eingtein’s formula E = mc? can be derived in many different ways,
even without the usual methods of thought experiment, conservation
laws, considering collisions or the postulates of specia relativity.
Currently the formula E = mc? is often interpreted as the equivalence
between inertial mass and any type of energy. It is shown in papers
[17-21] that this is incorrect, that this is a misinterpretation. What
Eingein consdered to be central to specia relativity is in fact
derivable from more classical considerations, rather than as a central
consequence only of special relativity. E = mc? becomes secondary,
not fundamental, and whilst no doubt useful in certain circumstances
may not even be valid in all generality. The root of this problem is
due to an erroneous interpretation of gpecial relativity where the
formula E=mc® is taken to be true outsde of the context of
relativisic kinematics.
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