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Introduction.

The Lanczos scalar is defined by [1]:
KZ:*R*ijrcRijrc’ (1)
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where R ;. isthe curvature tensor [2] and its double dual is given
by:

*prij 1 ijrt
R ]ac 477] R npqac’ (2)

with 7, ., . denoting the Levi-Civitatensor. The Bianchi identities [2]
for the Riemann tensor adopt the following compact form [3]:
*R*[jac;C:O’ (3)

where ;¢ denotes covariant derivative.

Here we show the usefulness of (1) in severa topics of genera
relativity. In fact, the embedding of Riemannian 4-spacesinto E; [2,
4] has an algebraic character if K, # 0and, furthermore, in this case it

is possible to construct Gauss-Codazzi equations [5, 6] for the inverse
meatrix of the corresponding second fundamental form. On the other
hand, K, isan ordinary divergence [7-9] which implies the existence
of the Lanczos potential [3, 10-12], whose physical meaning is an
open problem. Finaly, when K, =0 the spacetime does not accept

non-null constant vectors, thet is, the presence of a non-null constant
vector leads [13] to K, =0, which is aresult of interest in various

gudies of Riemannian geometry.

R, embedded into Esg

A 4-space can be embedded into £ (thet is, R, hasclass one) if and
only if there exists the second fundamental form b, . =5, , satisfying
the Gauss-Codazzi equations[2, 4-6, 11, 12]:

R,.. =¢(b,, b,-b, b,). e==l, 4

aj “ci
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bij;c:bic;j’ Q)
It iswell known [14] that whenever det(bfj) # 0 then (4) implies

(5); in other words, if a non-singular matrix b satisfies the Gauss

equation then the Codazzi equation is verified autometicaly.
However, in the general case the computation of 5 for a given

gpacetime should involve the analysis of both (4) and (5) together.
From (4) it isnot difficult to obtain therelation [5, 6, 15]:

KZ
YR (6)
thus K, = 0 means that the embedding process has algebraic nature
because it is only necessary to satisfy (4), and, in addition the inverse
matrix b7, ; exigts. Now we may deduce an interesting relationship

between "R and b, which is similar to (4). In fact, Yakupov

ijac

[16] showed thet, for any R, of classone, it is valid the expression:

det(b"j):

acrt

*p*ijrt _£ i i S i
RYTR _122(5a 5/ -8 5]), (7)

then substituting (4) into (7), and after multiplying by 6™ “ 5™ < we
get [5, 6]:
24 . .
?2 ijmn

im

=e(b?,, b7, - b7, b7, €3)

which represents the Gauss equation for »™*. The relation (8) has the
same gructure as (4) hence illugtrating the analogous role that the
Riemann tensor and its double dual play. Thus, when K, =0 the

embedding problem is reduced to analyzing (4) or (8).
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From (8) it iseasy to obtain 5™ explicitly [17]:
K,b* =8:R, b'", 9

im ijmn
this meansthat »™* is essentially the projection of » over the double
dual of the curvature tensor. Equations (5), (9) and the Bianchi
identities (3) imply the differential condition[17]:
(k,b,) =0. (10)

The application of (3) and (10) to (8) leadsto one more differential
restrictionon 5

b—l

ij,r bilrc:bil[c;r bilrj’ (11)
which also is obtained if we apply ;¢ to the relation g, =b™, " b,
and we employ (5), remembering that g,... =0. Then we say that
(10) and (11) are the Codazzi equations for 5.

The Leverrier-Faddeev-Takeno method [17,18-26] permits to
congtruct the characterigtic polynomial of ™', and the Cayley-
Hamilton theorem [27] affirms that it is satisfied by this inverse
matrix, thus we deduce for o™ an expression alternative to (9):

K, ;
Z_Zbl[j:gb[rG P8 (12)
where G, ="R ¢, _ isthe Einstein tensor, and [4]:
&
=—b G“°, 13
p=30b.. (13)
with the property [5, 6, 11, 12, 15, 28, 29] (R =-G“, isthe scalar
curvature):
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2 &l R .

=——|—K,+R, .G'G"" >0, 14
p 6(24 2 imnj j ( )
thet is, the intrinsic geometry of R, determines p and ¢, then (12)

givesus b and itstrace [17]:
bt = _24p : (15)

KZ

The analysis exhibited in (4)-(15) shows the usefulness of the
Lanczos invariant K, # 0 in the study of a spacetime embedded into

E,.

Lanczos potential
If we make use of the Lagrangian:

L=y-g K,, g=det(g,,), (16)
in a Hilbert type variationa principle (Htvp) [30, 31], §'[L d*x=0,

we obtain [1] the identity 0 = 0, from which one suspects that the
density L is an exact divergence for any R, :

L=(-¢ #') (17)

,

where , r =%. This suspicion turned out to be correct because
X

Goenner-Kohler [7] and Buchda [32, 33] got non-tensoria
expressions for B"; while, Horndeski [13] found an expression for
B’ drictly tensorial.
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Lanczos [3], with an appropriate variational use of (16) (that is,
with a non-Htvp), proved the existence of a potential K .. [34-40]

for the Wey! tensor:

ijr

Cqub =K K T K Ky, T8 Ky 8, Ky 8
—8qb Kpj
(18)
such that:
Krab :_Karb’ Kraa :0’
Kabc+Kbca+Kcab ZO’Krja;a :0’
KabEKarb;r:Kba’ (19)

For empty spacetimes (G, , =0, C"/**. =0)it is possible [8, 9]

to employ (18) and (19) to deduce (17) with:
B =2C"/"1K (20)

raqj’?
which has a tensoria nature because it is the projection of the
Lanczos potentia over the conformal tensor. For example, (20) is
vaid in the Kerr geometry [41] whose K, ; was studied in [34, 35,
37, 38, 4Q].

We have just commented that the Lagrangian L does not lead to
field equations under Hnp, but it is interesting to note that L
contributes [42] to the gravitational energy-momentum distribution,
this B" deserves a more careful analysis, which could help to
elucidate the elusive physical meaning of Lanczos potential.
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Non-null constant vectors

Here we shall consider the Horndeski’s expression [13] for B*
verifying (17):
r 8 *p*rt 1 mtrn g4p a i 47 21
B =Z R ij+3_A§pjaiA ;mA on AA YA ( )
where 67/ is the generalized Kronecker deita[30] and 4” isan
arbitrary non-null vector:
A=A"A4, =constant £ 0. (22)

The relation (21) is correct for any spacetime, and it is therefore
more general than (20) which is valid only for vacuum 4-spaces,

however, (20) does not contain an arbitrary element 4" asinthe case
of (21).
With (17) and (21) it is easy to show the result:

“If R, acceptsanon-null congtant vector 4",
thatis 4”. =0,then K,=0". (23)

For example, the Godel metric [2, 11, 12, 36, 37, 43]:

4 1 .4 2 2 2
ds? = —(dx) =2 e dtdx® - =" (dx?) +(dx®) +(ax*), (24
s (x) e" dxdx 26 (x) (x) (x) (29
has a spacelike constant vector:

(47)=(0,0,1,0),4=1, 4", =0, (25)
then (23) implies K, =0 for this cosmological model, without the

necessity of long computations as in the definition (1).
From (23) it isevident that:

“ K , # 0 implies the non-existence of non-null constant vectors’.(26)
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The spacetimes of Schwarzschild, Taub, C, Kerr, . . ., have [2]
K, #0, then by [26] we conclude that these 4-spaces do not admit

non-null constant vectors.
We know [2] that the presence of non-null congtant vectors has
impact in the embedding class: If R, has one of these vectors, then it

can be embedded into £ ., which occurs with (24). However, it isan

open question by now [44, 45] whether the GAdel metric accepts an
embedding into £ .
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