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It isshow nbya construc tive proc ed ure that solutionsofthe
Navier-Stokesexist loc ally inw hich tw o ofthe Cartesiancom-
ponentsofvelocityare essentiallyarb itrary.T hese solutionscan
b e matched ona spheric alsurface to a w elld e¯ned solutionout-
sid ed the surface ofthe °ow equationssuch that allthe physical
quantitiesare c ontinuousonthe interface.

Introduction

T he Navier-Stokesequationsw ere ¯rst formulated byNavier [1]and some
tw enty yearslater by Stokes[2 ] usingfew er assumptionsw ith regard to the
molecular interac tionof°uid s.M anyauthorshave d iscussed exac t solutionsof
these governingequationsand review softhisw orkhave b eengivenby B erker
[3]and Wang[4 ],[5].Inparticular a classofsolutionsconsid ered byWeinb aum
and O 'B rien[6] inw hich the c onvec tive ac c elerationterm isirrotationalcan
b e suc c essfully employed for the solutionofb ound ary value problemsinthe
presence ofa ¯xed sphere w here the forc ing°ow isprod uced byanisolated °ow
singularity [7].

T he motivationfor the present d iscussionisto show that there are so-
lutionsw hich are loc ally valid and w here tw o ofthe Cartesiancomponentsof
veloc ity are essentially arb itrary,sub jec t to preferentialrequirementsofb eing
locally continuousw ith their d erivativesup to a ¯nite ord er. T he analysis
w hich lead sto thisresult ispresented inthree steps,and the fourth and ¯nal
step isto c onstruc t the third veloc ity c omponent uniquely by the applic ation
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ofintegrab ility c ond itions.T he c onstruc tionofthese solutionsistied closely
to the stand ard theory ofsystemsoflinear-inhomogeneouspartiald i®erential
equations[8].It isfound that these solutionsare sub jec t to b asic ally tw o re-
stric tionsw here tw o expressionsare required to b e non-vanishinginthe °uid
region.O ne such restric tionexclud esregionsw here there isa stagnationpoint,
a point ofzero vortic ity,and motionsw here the velocity isorthogonalto the
vortic ity.T he sec ond restric tionw hich isd erived at a later point ensuresthat
the third c omponent ofveloc ity is¯nite inthe liquid .

Inthe last sec tionofthe paper it isshow nhow a generalB eltramiforc e-
free ¯eld type solutionofthe Navier-Stokesequationsd e¯ned for the exterior
regionto a ¯xed spheric alsurface c anb e matched onto a rand om veloc ity
¯eld insid e the sphere,such that the veloc ity,vortic ity,normaland tangented
stressesare c ontinuousat the interfac e. T hisispossible b ec ause tw o ofthe
veloc ity c omponentsare arb itrary and d o not satisfy presc rib ed partiald i®er-
entialequations.Also the third c omponent ofvelocity isuniquely d etermined
intermsofthe arb itrary c omponentsand their d erivationsthrough the appli-
c ationofintegrab ility c ond itions. It isthenpossible to construc t a rand om
type veloc ity ¯eld loc ally w hich matchesonto anotherw ise w elld e¯ned glob al
solutionofthe Navier-Stokesequationsoutsid e the sphere.
[1 ] T he d ynamicalsystem ofequationsrepresentingthe motionofa viscous
incompressible liquid c anb e expressed by

@q
@t

+ (q¢r)q = ¡rP + ºr2q (1)

divq= 0 ; P = p=½0 ; (2)

w here q= ujx̂j isthe °uid veloc ity,p the pressure,½0 the c onstant d ensity,
and º the kinematic viscosity.It isalso usefulto d e¯ne the B ernoullifunction
or totalhead ofpressure by B = P + 1

2jqj2.
T he analysiscanb e started by consid eringthe situationinw hich u1 ;u2

are arb itrarily presc rib ed and u3;P satisfy the linear inhomogeneoussystem

(q¢r)u1 + Px1 +
@u1
@t

¡ºr2u1 = 0 (3)

divq = 0 (4)

Solutionsofthese equationsexist and read ily construc ted by stand ard tech-
nique.
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Now if° = !+ ¸q ; ! = curlq; and ¸ isanarb itrary scalar
func tionofpositionand time then

div
½@q
@t
+(q¢r)q+ rP ¡ºr2q

¾

=r2B + div[!£q]= r2B + div[° £q]

=r2B + (q¢curl° )¡(° ¢!)
=r2B + (q¢curl° )¡j!j2¡¸(q¢!): (5)

T hisexpressionvanishesif

¸ =
1

(q¢!)fr
2B + (q¢curl° )¡j!j2g; (6)

w here (q¢!)6=0 inthe °uid region.Inthiscase it follow sthat

° = !+
q

q¢!)fr
2B + (q¢curl° )¡j!j2g: (7)

To show that the equationfor ° c anb e satis̄ ed ¯rst set ° = ¯ + rÂ,then
(7) canb e w rittenas

¯ + rÂ = !+ (8)
q

(q¢!)fr
2B + (q¢curl¯)¡j!j2g

and eliminationofÂ prod ucesthe equation

curl¯ = curl! (9)

+ curl
½ q
(!¢q)[r

2B + (q¢curl¯)¡j!j2]
¾
:

To show that equation(9) c anb e satis̄ ed it is¯rst c onvenient to set

R = R jx̂j=¯¡!¡
q

(!¢q) (1 0 )
©
r2¯ + (q¢curl¯)¡j!j2

ª
¡rGÂ
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thenthe equations

@R 3
@x2

¡@R 2
@x3

= (̂x1 ¢curl¯)+ (1 1 )
µ
x̂1 ¢curl

½
q

(!¢q)[r
2¯ + (q¢curl¯)¡j!j2]

¾¶
=0 ;

@R 1
@x3

¡@R 3
@x1

= (̂x2¢curl¯)+ (1 2)
µ
x̂2¢curl

½
q

(!¢q)[r
2¯ + (q¢curl¯)¡j!j2]

¾¶
=0 ;

are linear inhomogeneousand solutionsexist for curl¯ w ithout restric tingq;̄
apart from (!¢q)6=0 ,inthe °uid .Infac t ifZ = Z jx̂j=curl¯,the system
givenby(11) and (12 ) c anb e rec ast asa ¯rst ord er system ofthe form

A ijk
@Z i
@xj

+ B ikZ i + Ck = 0 ; (1 3)

fork=1 ;2 together w ith @Z i
@xi

= 0 ,and the c oe± c ientsA ijk;B ik;Ck d epend
onuj and B .E venthough from a c onstruc tive approach it isa cumb ersome
proc ed ure to exhib it the solutionsfor Z i explic itlyit issu± cient for the present
purpose to b e assured that such solutionsexist, and thisiscon̄rmed from
stand ard theory (see [8]).

It now follow sfrom (11)(12 ) that @R 3
@x2

¡@R 2
@x3

= 0 ; @R 1
@x3

¡@R 3
@x1

= 0 ,and
it isalw ayspossible to choose R j such that @R 2

@x1
¡@R 1

@x2
=0 ,inw hich c ase

(̂x3¢curl¯)+ (̂x3¢curlf
q

(!¢q)[r
2B + (q¢curl¯)¡j!j2]g) (1 4)

and (9) issatis̄ ed sub jec t (q¢!)6=0 inthe °uid .T he meaningofthisresult
isthat the solutionspac e of

div
½@q
@t

+ (q¢r)q+ rP ¡ºr2q
¾

= 0 ; (1 5)
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issu± cientlylarge asto encompassor includ e solutionsof(3) and (4 ).Inother
w ord sthere isa mutuallyconsistent solutionofthe equations(3)(4 )(15),w hich
w illb e id entī ed together w ith supplementarycond itionsat a later point inthe
analysis.

[2] Consid er now the linear-inhomogeneoussystem

@u2
@t

+ (q0¢r)u2 +
@P 0

@x2
¡ºr2u2 = 0 ;divq0=0 ; (1 6)

w here q0= u1 x̂1 + u2x̂2 + u03x̂3.T he system containsu03;P 0asd epend ent
variablesand solutionscanb e c onstruc ted usingstraightforw ard method s.W ith
° 0=!0+ ¸0q0;!0=curlq0.T he prec ed ingargument c anb e utilized to show
that

div
½@q0
@t

+ (q0¢r)q0+ rP 0¡ºr2q0
¾

= 0 ; (17)

provid ed

¸0=
1

(!0¢q0)
©
r2B 0+ (q0¢curl° 0)¡j!0j2

ª
: (1 8)

Inthiscase

° 0= !0+
q0

(!0¢q0)
©
r2B 0+ (q0¢curl° 0)¡j!0j2

ª
; (1 9)

w here B 0=P 0+ 1
2jq0j2.Againit isappropriate to set ° 0=¯0+ rÂ0,so that

¯0+ rÂ0=!0+
q0

(!0¢q0)
©
r2B 0+ (q0¢curl¯0)¡j!0j2

ª
(20 )

and eliminationofÂ0prod ucesthe equation

curl¯0= curl!0+ (21 )

curl
½ q0

(!0¢q0)
£
r2B 0+ (q0¢curl¯0)¡j!0j2

¤¾
:

AP E IRO NVol.5Nr.1-2 ,J anuary-April1998 P age 63



T he previousargument c analso b e invoked to show that if

R 0= R 0jx̂j = ¯0+ rG0+ ¡!0¡ q0

(!0¢q0)
£
r2B 0+ (q0¢curl¯0)¡j!0j2

¤ (22)

thenconsid er the equations

µ
@R 3
@x2

¡@R 02
@x3

¶
= (̂x1 ¢curl¯0) (23)

+
µ
x̂1 ¢curl

½ q0

(!0¢q0)
£
r2B 0+ (q0¢curl¯0)¡j!0j2

¤¾¶
= 0 :

µ
@R 11
@x3

¡@R 03
@x1

¶
= (̂x2¢curl¯0) (24)

+
µ
x̂2¢curl

½ q0

(!0¢q0)
£
r2B 0+ (q0¢curl¯0)¡j!0j2

¤¾¶
= 0 :

W ith Z 0= Z 0jx̂j = curl¯0, the system represented by (2 3)(2 4 ) c anb e c on-
verted to a ¯rst ord er linear-inhomogeneoussystem ofequationsexpressible in
the form

A0ijk
@Z 0j
@xi

+ B 0jkZ
0
j + c0k=0 ; k=1 ;2: (25)

T he loc alexistence and c onstruc tionofthe functionsb asic ally d epend sonly
onthe c ond ition(!0;q0)6= 0 inthe liquid regionsince it c anb e assumed the
coe± c ientsin(2 5) are analytic inthe liquid .

Since @R 03
@x2

¡@R 02
@x3

= 0 ; @R 01
@x3

¡@R 03
@x1

6= 0 ,it follow sthat R 0j c analw ays

b e chosenso that @R 02
@x1

¡@R 01
@x2

= 0 ,inw hich c ase the net result isthat there
are mutually consistent solutionsofthe system

div
µ@q0
dt

+ (q0¢r)q0+ rP 0¡ºr2q0
¶

= 0 ; (26)
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@u2
@t

+ (q0¢r)u2 +
@P 0

@x2
¡ºr2u2 =0 ; divq0=0 ; (27)

provid ed that (!0¢q0)6=0 inthe liquid .

[3]T henext step inthe analysisisto show that u03 =u3;P 0= P + c onstant.
Inord er to achieve thisresult it isconvenient to set u03 = u3 + u, so that
q0=q+ ux̂3.Now equations(3)(15)(16)(2 6) imply that

@q
@t

+ (q¢r)q+ rP ¡ºr2q=curlÂ 1 x̂1 (28)

@q0

@t
+ (q0¢r)q0+ rP 0¡ºr2q0=curlÂ2x̂2 (29)

divq = 0 ; divq0= 0 : (30 )

B ysub trac tionthese equationsimply that

u
@q
@x3

+ u
@u
@x3

x̂3 + (q¢r)ux̂3

+ r(P 0¡P )¡ºr2ux̂3 = curlS
(31 )

@u
@x3

= 0 ; S = Â2x̂2¡Â 1 x̂1 + rÁ0= Sjx̂j (32)

w here the scalar func tionsÂ 1 ;Â2;Á0are arb itrary functionsofpositionand
time.IfS iseliminated from (31) then

div
½
u
@q
@x3

+ u
@u
@x3

x̂3 + (q¢r)ux̂3
¾
+ r2(P 0¡P )= 0 : (33)

Also byeliminationofÂ2 from [2 9]it isfound that

µ
ºr2¡ @

@t

¶
@u2
@x2

+
@
@x1

(q¢r)u1 +
@
@x3

(q¢r)u3

+
µ
@2

@x21
+

@2

@x23

¶
P 0+

@
@x1

µ
u
@u1
@x3

¶
+

@
@x3

µ
u
@u2
@x3

¶
= 0 : (34)
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µ
@
@t
¡ºr2

¶
u2 + (q¢r)u2 +

@P
@x2

+
·
@
@x2

(P 0¡P )+ u
@uz
@x3

¸
= 0 :

(35)

T hese equationsimply

·µ
@
@t
¡ºr2

¶
u2 + (q¢r)u2 +

@P
@x2

¸
¢

·µ
@2

@x21
+

@2

@x23

¶
P 00+

@
@x1

µ
u
@u1
@x3

¶
+

@
@x3

µ
u
@u3
@x3

¶¸
¡

·µ
ºr2¡ @

@t

¶
@u2
@x2

+
@
@x1

(q¢r)u1 +

@
@x3

(q¢r)u3 +
µ
@2

@x21
+

@2

@x23

¶
P
¸·

@P 00

@x2
+ u

@u2
@x3

¸
= 0

(36)

w here
P 00= P 0¡P (37)

and the equationofcontinuityhasb eenused to show that

µ
@u1
@x1

+
@u3
@x3

¶
= ¡@u2

@x2
: (38)

R egard lessofw hether one ofthe fac torsin(36) vanishesit follow sthat by
the applic ationofintegrab ility c ond itionsto thislinear-homogeneoussystem
the only consistent solutionof(32 )(33)(36) isthat u = 0 ;or u03 = u3, and
P 0=P + c onstant.T he result isthenexpressed by the equation

@q
@t

+ (q¢r)q+ rP ¡ºr2q=curlT ;divq=0 (39)

w here T = 1
2(Â 1 x̂1 + Â2x̂2)+ rÁ00,and

@T3
@x2

¡@T2
@x3

= 0 ;
@T 1
@x3

¡@T3
@x1

= 0 : (40 )
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Since Tj; j=1 ;2;3;c analw aysb e chosenso that @T2
@x1

¡@T1
@x2

= 0 ,it follow s
that there existsa mutually consistent solutionofthe Navier-Stokesequations

@q
@t

+ (q¢r)q = ¡rP + ºr2q;divq=0 ; (41 )

inw hich u1 ;u2 are arb itrarily presc rib ed provid ed that (!¢q)6= 0 , inthe
liquid .

[4]It remainsto c onstruc t the unknow nveloc ityc omponent bythe applic ation
ofintegrab ilityc ond itions.To thisend it isappropriate to eliminate the pressure
¯eld P and c onsid er the x3-c omponent ofthe vortic ity equation.T hismay b e
w rittenas

(q¢r)
µ
@u2
@x1

¡@u1
@x2

¶
¡(!¢r)u3 =

µ
ºr2¡ @

@t

¶µ
@u2
@x1

¡@u1
@x2

¶
;

(42)

w here!=[r£q].T hisequationfor the present purpose ismore c onveniently
expressed

au3 + b
@u3
@x1

+ c
@u3
@x2

= d (43)

w here a;b;c;dc anb e w rittenintermsofuj; j=1 ;2;d erivativesby

a =
@
@x3

µ
@u2
@x1

¡@u1
@x2

¶
; b=

@u2
@x3

; c=¡@u1
@x3

(44)

d=
µ
ºr2¡ @

@t
¡u1

@
@x1

¡u2
@
@x2

¶µ
@u2
@x1

¡@u1
@x2

¶
¡

µ
@u2
@x1

¡@u1
@x2

¶µ
@u1
@x2

+
@u2
@x2

¶
:

(45)

T he functionsa;b;c;d;are allknow nintermsofuj;j=1 ;2;and their d eriva-
tives.It isalso observed that it isnot necessary to c onsid er the x1 and x2 {
componentsofthe vortic ity equationsince their satisfac tionisguaranteed by
the prec ed inganalysis,and also they containthe higher ord er d erivativese.g.
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@3u3
@x1 @x22

; @3u3
@x21 @x2

, w hich are not explic itly required by the integrab ility c ond i-
tions.Ifequation(4 3) isd i®erentiated w ith respec t to x3 then

a0u3 + b0
@u3
@x1

+ c0
@u3
@x2

=d0; (46)

w here

a0=
@2

@x23

µ
@u2
@x1

¡@u1
@x2

¶
; b0=

@2u2
@x23

; c0=
@2u1
@x23

; (47)

d0=
@
@x3

µ
ºr2¡ @

@t
¡u1

@
@x1

¡u2
@
@x2

¶µ
@u2
@x1

¡@u1
@x2

¶

¡ @
@x3

( Ã
@u2
@x1

¡@u1
@x2

! µ
@u1
@x1

+
@u2
@x2

¶)

+
µ
@u2
@x3

¢@
@x1

¡@u1
@x3

¢@
@x2

+
@
@x3

µ
@u2
@x1

¡@u1
@x2

¶¶

µ
@u1
@x1

+
@u2
@x2

¶
: (48)

O nce againthe scalar func tionsa0;b0;c0;d0are allknow nintermsofuj; j=
1 ;2;and their d erivatives.O ne further d i®erentiationof(4 6) isrequired w ith
respec t to x3 and thiscanb e represented by

a00u3 + b00
@u3
@x1

+ c00
@u3
@x2

=d00 (49)

w here

a00=
@a0

@x3
; b00=

@b0

@x1
+ c00=

@c0

@x3
(50 )

d00=
@d0

@x3
¡a0

@u3
@x3

¡b0
@2u3
@x1 @x3

¡c0
@2u3
@x2@x3

: (51 )

Intermsofu1 ;u2 these functionsmay b e w rittenas

a00=
@3

@x33

µ
@u2
@x1

¡@u1
@x2

¶
; b00=

@3u2
@x33

; c00=¡@
3u1
@x33

; (52)
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d00=
@2

@x23

½µ
ºr2¡ @

@t
¡u1

@
@x1

¡u2
@
@x2

¶µ
@u2
@x1

¡@u1
@x2

¶¾

+
@
@x3

½
@u2
@x3

@
@x1

µ
@u1
@x1

+
@u2
@x2

¶¾
¡

@
@x3

½
@u1
@x3

@
@x2

µ
@u1
@x1

+
@u2
@x2

¶¾
(53)

+
@
@x3

½µ
@u1
@x1

+
@u2
@x2

¶
@
@x3

µ
@u2
@x1

¡@u1
@x2

¶¾
+

µ
@u1
@x1

+
@u2
@x2

¶
@2

@x23

µ
@u2
@x1

¡@u1
@x2

¶

+
@2u2
@x23

@
@x1

µ
@u1
@x1

+
@u2
@x2

¶
¡@2u1

@x23

@
@x2

µ
@u1
@x1

+
@u2
@x2

¶

@2

@x23

½µ
@u2
@x1

¡@u1
@x2

¶µ
@u1
@x1

+
@u2
@x2

¶¾
:

T he solutionfor the veloc ity c omponent u3 isd etermined uniquelyfrom equa-
tions(4 3)(4 6)(4 9) and isrepresented by

u3 =
(dc0¡cd0)(bc00¡cb00)¡(dc00¡cd00)(bc0¡cb0)
(ac0¡ca0)(bc00¡cb00)¡(ac00¡ca00)(bc0¡cb0)

(54)

and inord er to b e meaningfulissub jec t to the ad d itionalrestric tionthat the
d enominator of(54 ) isnonvanishinginthe liquid or

bc(c0a00¡a0c00)+ ac(b0c00¡c0b00)+ c2(a0b00¡ba00)6= 0 : (55)

No major simplī c ationarisesfrom w ritingthisexpressionintermsofu1 ;u2.
Inad d itionto (55) there isalso the c ond ition(!¢q)6= 0 inthe liquid . It
isobserved that thislatter c ond itionexclud estw o-d imensionalmotionw here
there existsa stream functionand the vortic ity isorthogonalto the plane of
motion.Ina similar manner axisymmetric °ow isalso exclud ed for the same
reason.Clearly exclud ed are also °ow sw here there isa stagnationpoint or a
point w here the vortic ity vanishes.How ever it ispossible to satisfy the ab ove
cond itionsw ith anaxisymmetric °ow c ontainingsw irl.Inthiscase the veloc ity
¯eld qisofthe form

q = curl
Ã 1
½
Á̂ +

Ã2
½
Á̂; (56)
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incylind ric alpolar c oord inates(z;½;Á),and Ãj are b oth functionsof(z;½t).
Anexample ofsuch a °ow hasb eengivenin[6]and curlq=®qw here ® isa
constant so that the c onvec tive ac c elerationterm isirrotational.Spec ī c ally

Ã 1 = U (z;½)e¡®
2ºt; Ã2 =®U (z;½)e¡®

2ºt
3 (57)

w here U satis̄ esa type ofred uced w ave equationexpressed by

(L ¡1 + ®2)= 0 ; L ¡1 ´
@2

@z2
+

@2

@½2
¡ 1
½
@
@½
: (58)

Inspheric alpolar c oord inatesz= ºcosµ; ½ = ° sinµ, a generalsolutionis
expressible inthe form

U = r
1
2

1X

n=1

AnJn+ 1
2
(®r)[Pn¡1(cosµ)¡Pn+ 1(cosµ)] (59)

w hereJn+ 1
2
(s)isthe B esselfunctionoffrac tionalord er and Pn(cosµ)isthe

Legend re polynomial.M ore generally there are three-d imensionalasymmetric
veloc ity ¯eld sw hich satisfy curlq= ®qand the solutionsw hich satisfy the
Navier-Stokesequationscanb e w rittenas

q = e¡®
2ºtfcurl2(Ar)+ ® curl(Ar)g; (60 )

w here A satis̄ es

(r2 + ®2)A = 0 ; r2 ´ @2

@x2
+

@2

@y2
+

@2

@z2
: (61 )

A separable solutionin(r;µ;Á)c oord inatesisgivenby

A = r¡
1
2Jn+ 1

2
(®r)P m

n (cosµ)e
imÁ (62)

w here P m
n (cosµ)isthe associated Legend re func tion.

T he ¯nalpoint ofinterest inthispresentationisthat it ispossible to
match or patch up a solutionofthe type givenby (62 ) exterior to a sphere
r= (x21 + x22 + x23)

1
2 = a, w ith a solutionfor the veloc ity ¯eld d esc rib ed

insec tions[1] to [4 ] w here u1 ;u2 are essentially arb itrary and d o not satisfy
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partiald i®erentialequations. First it ispossible to math up u1 ;u2 and all
their d erivativesto the ord er ofthe governingequationsat r= a, w ith the
correspond ingvaluesofu1 ;u2 and their d erivativesfrom (62 ).Also since the
d erivationthroughequations(4 2 )-(55)lead sto auniquesolutionforu3 b ec ause
it satis̄ esthe Navier-Stokesequations,it follow sthat u3 and itsd erivativesup
to the ord er ofthe °ow equationscanb e matched at r=a.T he veloc ity¯eld ,
vortic ity,normaland tangented stressesare thencontinuousat r= a.It is
thenpossible to match a w elld e¯ned solutionoutsid e a sphere w ith a solution
ofthe °ow equationsinsid e a sphere w here apart from the interfac e c ond itions
at r=a,and the restric tionsimposed by(q¢!)6= 0 and (55) the motionis
essentiallyarb itrary or rand om b ec ause ofthe arb itrarynature ofu1 ;u2.
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